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DERIVED LENGTH OF ZERO ENTROPY GROUPS ACTING ON
COMPACT KA¨HLER MANIFOLDS
TIEN-CUONG DINH, KEIJI OGUISO, AND DE-QI ZHANG
Abstract. Let X be a compact Ka¨hler manifold of dimension n ≥ 1. Let G be a group of
zero entropy automorphisms of X . Let G0 be the set of elements in G which are isotopic to
the identity. We prove that after replacing G by a suitable finite-index subgroup, G/G0 is
a unipotent group of derived length at most n− 1. This is a corollary of an optimal upper
bound of length involving the Kodaira dimension. We also study the algebro-geometric
structure of X when it admits a group action with maximal derived length n− 1.
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1. Introduction
We work over the complex numbers field C. Let X be a compact Ka¨hler manifold of
dimension n ≥ 1 and let Aut(X) denote the group of all holomorphic automorphisms of
X . It follows from classical results of Fujiki and Lieberman that Aut(X) is a complex Lie
group of finite dimension, with countably many (and possibly infinitely many) connected
components [15, 24]. Denote by Aut0(X) the component of the identity in Aut(X). This
is a normal connected Lie subgroup of Aut(X) whose Lie algebra is the set of holomorphic
vector fields on X .
Recall that for every g ∈ Aut(X), according to theorems of Gromov and Yomdin, the
topological entropy of g is equal to the logarithm of the spectral radius of its action on
the Hodge cohomology ring of X , see [17, 32]. In particular, g has positive entropy if and
only if this spectral radius is larger than 1. Groups with positive entropy elements have
been intensively studied during the last decade using techniques and ideas from Complex
Dynamics and Algebraic Geometry. In this paper, we aim to develop a similar study for
groups with zero entropy elements.
It is known that Aut(X) satisfies a Tits alternative and for solvable subgroups of Aut(X),
the positive entropy part has a “bounded” size. Precisely, the following result was proved
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in [5, 33], see also [7] and, for earlier results, [11, 22]. If G is a subgroup of Aut(X), define
G0 := G ∩ Aut0(X)
and denote by N(G) the set of all elements in G with zero entropy.
Theorem 1.1. Let X be a compact Ka¨hler manifold of dimension n ≥ 1 and Kodaira
dimension κ(X) which is known to be in {−∞, 0, 1, . . . , n}. Define κ := max{κ(X), 0} if
κ(X) < n and κ := n− 1 otherwise. With the notation introduced above, the manifold X
satisfies the following Tits alternative: if a subgroup G of Aut(X) contains no non-abelian
free subgroup, then it admits a finite-index solvable subgroup G′ such that N(G′) is a normal
subgroup of G′ and G′/N(G′) is a free abelian group of rank at most equal to n− κ− 1.
If X admits a group G such that the rank of G′/N(G′) is maximal, i.e., equal to n− 1,
we will say that X is a manifold with MSHA, where MSHA stands for Maximal Solvable
Hyperbolic Action. Clearly, for such a manifold, we have κ(X) ≤ 0. We refer to [11, 34]
for more properties of these manifolds. The problem of classifying manifolds with MSHA
is still open when X is rationally connected.
In this article, we will focus our study on the group N(G′) in the last statement. More
generally and in order to simplify the notation, we consider groups G such that all elements
of G have zero entropy.
Now we state our first main result. Recall that for a group G and a non-negative integer
p, the p-th derived group G(p) is defined inductively by
G(0) := G and G(i+1) := [G(i), G(i)] .
By definition, G(p) = {1} for some non-negative integer p exactly when G is solvable. We
call the minimum of such p the derived length of G (when G is solvable) and denote it by
ℓ(G) .
A group H is said to be unipotent if there is an injective homomorphism ρ : H →
GL(N,R) such that for every h ∈ H , the image ρ(h) is upper triangular with all entries on
the diagonal being 1. Note that unipotent groups are solvable. It is known that if a group
H is isomorphic to a subgroup of GL(N,R) whose elements have only eigenvalue 1, then
H is unipotent, see [19, §17.5]. Note that in the above discussion, we can replace R by C
as we have the natural inclusions GL(N,R) ⊂ GL(N,C) ⊂ GL(2N,R).
Theorem 1.2. Let X be a compact Ka¨hler manifold of dimension n ≥ 1 and Kodaira
dimension κ(X) which is known to be in {−∞, 0, 1, . . . , n}. Let G be a subgroup of Aut(X)
such that all elements of G have zero entropy. Then
(1) G admits a finite-index subgroup G′ such that, for any 1 ≤ p ≤ n − 1, the natural
map G′/G′0 → G′|H2p(X,R) (resp. G′/G′0 → G′|Hp,p(X,R)) is an isomorphism with
image a unipotent subgroup of GL(H2p(X,R)) (resp. GL(Hp,p(X,R)));
(2) For every finite-index subgroup G′ of G such that G′/G′0 is a unipotent group, the
derived length of G′/G′0 does not depend on the choice of G
′ and is at most equal
to n−max{κ(X), 1};
(3) The estimate in (2) is optimal when κ(X) ≥ 0 : for each integers n ≥ 2 and
0 ≤ κ ≤ n, there are a smooth projective variety X of dimension n with κ(X) = κ,
and a subgroup G of Aut(X) such that all elements of G have zero entropy and the
derived length of G′/G′0 in (2) is equal to n−max{κ(X), 1}.
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Let X and G be as in Theorem 1.2. According to this theorem, we can define the
essential derived length of the action of G on X by
ℓess(G,X) := ℓ(G
′/G′0) .
Here, G′ is any finite-index subgroup of G such that G′/G′0 is a unipotent group. This
definition does not depend on the choice of G′, see also Lemma 2.7 below.
It follows from Theorem 1.2 that
ℓess(G,X) ≤ dimX −max{κ(X), 1} ≤ dimX − 1 .
When X admits a group action by G such that the elements of G have zero entropy and
ℓess(G,X) = dim X − 1
we say that X has MPA by the group G, where MPA stands for Maximal Parabolic Action.
By Theorem 1.2, if X has MPA, then κ(X) ≤ 1. Moreover, there are such manifolds of
dimension n with κ(X) = 0 or κ(X) = 1, see Propositions 4.4, 4.5 and 4.6 below. By
definition, any compact Riemann surface is a manifold with MPA.
Next, we study algebro-geometric structure of manifolds such that we have an equality
for the estimate in Theorem 1.2 (2). It follows that compact Ka¨hler manifolds of Kodaira
dimension 0 with MPA is a main building block to construct manifolds with large unipotent
groups of zero entropy automorphisms. See also Corollary 3.2 and Remark 5.9 below.
Theorem 1.3. Let X be a compact Ka¨hler manifold of dimension n ≥ 2 and Kodaira
dimension κ(X) ≥ 1. Assume that there is a subgroup G ≤ Aut(X) of zero entropy such
that ℓess(G,X) = n−κ(X), i.e., the derived length of G′/G′0 in Theorem 1.2 (2) is n−κ(X).
Then there are
(i) a compact Ka¨hler manifold X˜ bimeromorphic to X;
(ii) a surjective morphism f : X˜ → B to a smooth projective variety B of dimension
κ(X), with connected fibres;
(iii) a biregular action of G on X˜ induced by the one on X; and
(iv) a finite-index subgroup G′ of G;
such that if F is a very general fibre of f , the following assertions hold
(1) G′ descends to a trivial action on the base B of the map f ;
(2) F is a compact Ka¨hler manifold of dimension n− κ(X) and with κ(F ) = 0;
(3) F has MPA by the group G′|F ;
(4) Aut0(F ) is a complex torus and Aut0(F ) 6= {1}.
A normal complex variety V is a Q-torus (resp. Q-abelian) if there is a compact complex
torus (resp. abelian variety) A and a finite surjective morphism A → V which is e´tale in
co-dimension one, see [26, Def. 2.13]. A very general fibre F in Theorem 1.3 is likely
bimeromorphic to a Q-torus. Unfortunately, we can not prove this in the full generality,
but we have the following partial answer.
Theorem 1.4. Let X be a smooth projective variety of dimension n ≥ 1 with MPA by a
group G ≤ Aut(X). Assume the following three conditions
(i) Aut0(X) 6= {1};
(ii) X has Kodaira dimension κ(X) = 0;
(iii) X has a good minimal model, i.e., X is birational to a normal projective variety
Xm with at most canonical singularities and semi-ample canonical divisor.
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Then
(1) Xm is smooth and G acts on Xm biregularly;
(2) There is a finite e´tale Galois cover A→ Xm from an abelian variety A to Xm such
that G|Xm lifts to G˜ ≤ Aut(A) 1 with G˜/Gal(A/Xm) = G;
(3) Both Xm and A have MPA by G and G˜, respectively.
Remark 1.5. Note that the above property (iii) is conjectural in the Minimal Model
Program and it holds when n ≤ 3 (cf. [23, §3.13]). We will give in Theorem 5.8 below a
general version of Theorem 1.4, where singular projective varieties X , with possibly trivial
Aut0(X), are considered.
The paper is organized as follows. In Section 2, we give some basic properties of linear
groups and automorphism groups of compact Ka¨hler manifolds that will be used later. In
particular, the proof of Theorem 1.2 (1) is given there. In Section 3, we give an estimate of
the derived length for automorphism groups which is a weaker version of Theorem 1.2 (2),
see Proposition 3.1 below. The main techniques used in this section are a general version of
Fujiki-Lieberman theorem [8, 15, 24], and the mixed Hodge-Riemann theorem [9, 16]. The
rest of Theorem 1.2 and Theorem 1.3 will be proved in Section 4. In particular, explicit
examples of manifolds with large unipotent groups of automorphisms are given there. The
proof of Theorem 1.4 occurs in Section 5, where we use some techniques from the Minimal
Model Program.
Finally, in view of examples in Propositions 4.4, 4.5 and 4.6 of smooth projective varieties
with MPA each of which either has Kodaira dimension 0 or 1, or is rationally connected of
dimension ≤ 5, we ask the following question.
Question 1.6. Let n ≥ 6. Is there an n-dimensional smooth projective variety X with
MPA and of Kodaira dimension −∞ (e.g. a rational, or rationally connected variety) ?
Related works. The dynamical study of automorphism groups of algebraic varieties over
a base field of positive characteristic is widely open especially in higher dimension. A major
difficulty is due to the lack of tools such as the Hodge-Riemann relations, see e.g. Esnault-
Srinivas [14]. In the case of surface automorphisms, which we will not elaborate here, the
theory of reflection groups is crucial and one can use it, instead of the Hodge-Riemann
relations, when working over the base field of arbitrary characteristic, see Dolgachev [13].
Terminology and Notation. For simplicity, if L and M are two cohomology classes,
we denote by L ·M or LM their cup-product. We also identify H0(X,R) and H2n(X,R)
with R in the canonical way. So classes in these groups are identified to real numbers.
The relation xm ≃ ym means xm = O(ym) and ym = O(xm). An automorphism g on X
induces the pull-back operator g∗ on cohomology. We often drop the star sign ∗ in order
to simplify the notation.
When a group N acts on a space V , we denote by N |V the image of the canonical
homomorphism N → Aut(V ). For instance, Aut(X)|Hp(X,Z) is the image of the canonical
action of the automorphism group Aut(X) on the cohomology group Hp(X,Z). For a
normal subgroup N1 ⊳N , we set (N/N1)|V = (N |V )/(N1|V ).
1 Throughout the paper, this notation stands for the automorphism group of the complex variety A
which should be distinguished from the automorphisms of the abelian group A.
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We say that a property holds for very general (resp. general) parameters or points if it
holds for all parameters or points outside a countable (resp. finite) union of proper closed
analytic subvarieties of the space of parameters or points.
Given a proper surjective morphism f : X → B between complex varieties, we denote
by Xb the fibre over b ∈ B in the category of analytic spaces. We also define the relative
automorphism group with respect to f by
Aut(X/B) :=
{
g ∈ Aut(X) : f ◦ g = f} .
This is a subgroup of Aut(X). We have Aut(X/B)|B = {idB} and Aut(X/B) acts on each
fibre Xb of f .
Recall that for a solvable group H ′, we denote by ℓ(H ′) the derived length of H ′. For a
group H having a finite-index solvable subgroup, we define
ℓmin(H) := minH′ℓ(H
′) .
Here, H ′ runs through all finite-index solvable subgroups of H , see also Lemma 2.7.
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2. Group actions and proof of Theorem 1.2 (1)
In this section, we give some properties of group actions to be used later. We first consider
unipotent groups and then groups of automorphisms of a compact Ka¨hler manifold. In
particular, we obtain Theorem 1.2 (1) as a direct consequence of Lemma 2.8 below.
Lemma 2.1. Let V be a real vector space of finite dimension. Let Γ be a subgroup of
GL(V ). Assume there is an integer N ≥ 1 such that gN is unipotent for every g ∈ Γ, i.e.,
their eigenvalues are 1. Then there is a finite-index subgroup Γ′ of Γ which is a unipotent
subgroup of GL(V ).
Proof. Let Γ denote the Zariski closure of Γ in GL(VC). This is a complex linear algebraic
group. By hypothesis, for g ∈ Γ, all eigenvalues of g are N -th roots of unity. It follows
that the coefficients of the characteristic polynomial of g belong to a finite set. These
coefficients can be seen as polynomials in variable g ∈ GL(VC). We deduce that the same
property holds for all g ∈ Γ. Let H be the component of the identity of Γ. By continuity,
all eigenvalues of g are equal to 1 for g ∈ H as this is the case for the identity element.
Define Γ′ := Γ ∩H . Clearly, Γ′ is unipotent, see [19, §17.5]. Since Γ is algebraic, it has
a finite number of connected components. It follows that H is a finite-index subgroup of
Γ. We also deduce that Γ′ is a finite-index subgroup of Γ. 
Lemma 2.2. Let V be a real vector space of finite dimension. Let ρ : Γ → GL(V ) be
a group homomorphism such that Ker(ρ) is finite and all elements of ρ(Γ) are unipotent
in GL(V ). Assume moreover that there is a basis of V on which all elements of ρ(Γ) are
represented by matrices with integer entries. Then
(1) Γ is countable, finitely generated, and admits only countably many subgroups;
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(2) There is a finite-index subgroup Γ′ of Γ such that Γ′ ∩Ker(ρ) = {1}.
Proof. (1) Without loss of generality, we may assume that V = RN and ρ(Γ) is contained
in SL(N,Z). So Γ is countable. We show that there is a basis {v1, . . . , vN} of ZN on which
the elements of ρ(Γ) are represented by unipotent upper triangle matrices with integer
entries. This property is well-known for a basis of RN and matrices with real entries. In
particular, there exists a non-zero vector v1 in R
N , not necessarily with integer coordinates,
which is fixed by ρ(Γ).
Since ρ(Γ) is contained in SL(N,Z), the invariance of the vector v1 is characterized by
a system of equations with integer coefficients. Therefore, there exists such a vector v1
in ZN , i.e., with integer coordinates. We choose v1 minimal in the sense that it is not a
multiple of a vector satisfying the same property. Then ρ(Γ) induces an action on RN/Rv1
which preserves the lattice ZN/Zv1. Without loss of generality, a change of basis of Z
N
allows us to assume that v1 = (1, 0, . . . , 0).
In the same way, we find a vector v2 ∈ ZN such that its image in ZN/Zv1 ≃ ZN−1
is a minimal invariant vector with integer coordinates. By induction, we obtain a basis
{v1, . . . , vN} of ZN such that g(vj) = vj modulo Zv1 + . . . + Zvj−1 for every j and every
g in ρ(Γ). It is clear that, in this basis, all elements of ρ(Γ) are represented by unipotent
upper triangle matrices with integer entries. From now on, we work with this basis and
matrices. For simplicity, we can assume that {v1, . . . , vN} is the standard basis of ZN .
Define Vj := Rv1 + · · · + Rvj and Zj := Zv1 + · · · + Zvj for 1 ≤ j ≤ N . These sets are
invariant by the action of Γ.
We show that Γ is finitely generated. Since Ker(ρ) is finite, it is enough to show that
ρ(Γ) is finitely generated. Denote by ρ(Γ)N−1 the restriction of ρ(Γ) to VN−1. This is a
group of upper triangle unipotent matrices of size N − 1 with integer entries. The kernel
of the natural surjective group morphism
ρ(Γ)→ ρ(Γ)N−1
is the set of matrices in ρ(Γ) whose entries are integer, 1 on the diagonal, and 0 outside
the diagonal, except on the last column. So we can identify this group with a group of
translations on VN−1 by vectors in ZN−1. Therefore, this kernel is finitely generated. It
follows that ρ(Γ) is finitely generated if and only if ρ(Γ)N−1 is finitely generated. We then
easily obtain the finite generation property of Γ by induction on the size of the matrices.
We remark that in the same way, we obtain that any subgroup of Γ is finitely generated.
Since Γ is countable, we deduce that it admits only countably many subgroups.
(2) Let Γ′ be a maximal normal subgroup of Γ such that Γ′∩Ker(ρ) = {1}. It is enough
to show that Γ′ is of finite-index in Γ. Assume by contradiction that the group K := Γ/Γ′
is infinite. Denote by π : Γ→ K the canonical group morphism. If L is a normal subgroup
of K, then π−1(L) is a normal subgroup of Γ containing Γ′. Since Γ′ is maximal, in order
to complete the proof of the lemma, i.e. to get a contradiction, it is enough to construct
such a group L with L 6= {1} and L ∩ π(Ker(ρ)) = {1}.
Since Γ is unipotent, it admits a finite lower central series
Γ = Γ0 ⊲ Γ1 ⊲ · · · ⊲ Γm+1 = {1} with Γj+1 := [Γ,Γj] .
As remarked above, all such subgroups Γj of Γ are finitely generated. Since K is infinite,
there is a j such that π(Γj) is infinite but π(Γj+1) is finite. So π(Γj)/π(Γj+1) is an infinite
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abelian group which is finitely generated. Thus, there is an element a ∈ π(Γj) which is of
infinite order. Clearly, am does not belong to π(Ker(ρ)) for m 6= 0 because ker(ρ) is finite.
Claim 2.3. For any k ∈ K, there is an integer l > 0 such that kamlk−1 = aml for every m.
We prove the claim. Observe that π(Γj)/π(Γj+1) is contained in the center of K/π(Γj+1)
by definition of Γj . Therefore, for every p ≥ 1, there is bp ∈ π(Γj+1) such that kapk−1 =
bpa
p. Since π(Γj+1) is finite, there are p < q such that bp = bq. We then have for l := q− p
kalk−1 = (kapk−1)−1(kaqk−1) = al .
This implies the claim for m = 1 and then for every m.
We return back to the proof of Lemma 2.2. Since K is finitely generated, by the claim,
we can find an l ≥ 1 such that kalk−1 = al for every k ∈ K. It follows that the group
generated by al is normal in K. Since it has a trivial intersection with π(Ker(ρ)), we get
a contradiction. This ends the proof of Lemma 2.2. 
Let V be a real vector space of finite dimension and let H be a unipotent Lie subgroup
of GL(V ).
Definition 2.4. Define V0 := 0 and then by induction Vi as the space of all vector v ∈ V
such that g(v) = v modulo Vi−1 for every g ∈ H . So Vi+1/Vi is the set of all vectors in
V/Vi which are invariant by H and Vi is the intersection of ker(g − id)i for g ∈ H . By
Lie-Kolchin theorem, we have Vi 6= Vi−1 unless Vi−1 = V , see [19, §17.6] or [22, Th.1.1].
Since the dimension of V is finite there is a maximal integer p such that Vp 6= V .
Lemma 2.5. Under the setting of Definition 2.4, let i be an integer with 1 ≤ i ≤ p + 1.
Then we have ‖gm‖ = O(mi−1) on Vi for all g ∈ H. Moreover, given any vector v in
Vi \ Vi−1, we have ‖gm(v)‖ ≃ mi−1 for general g ∈ H.
Proof. Consider a vector v ∈ Vi. Define vi := v and by induction vj := g(vj+1) − vj+1
for j = i − 1, i − 2, . . . , 1. By definition of Vj, we have vj ∈ Vj for every j. Moreover, a
computation by induction gives
vj = (g − id)i−j(v) and gm(v) = vi +
(
m
1
)
vi−1 + · · ·+
(
m
i− 1
)
v1 .
It follows that ‖gm‖ = O(mi−1) on Vi.
Fix now a vector v in Vi \ Vi−1. By definition of Vj, we have for some g ∈ H that
(g − id)i−1(v) 6= 0 or equivalently v1 6= 0. It follows that the same property holds for
general g in H . We used here the fact that H is connected because it is a unipotent
Lie subgroup of GL(V ). The above expansion of gm(v) implies that ‖gm(v)‖ ≃ mi−1 for
general g ∈ H . This completes the proof of the lemma. 
Proposition 2.6. Let V be a real vector space of finite dimension and let q ≥ 0 be an
integer. Let Γ be a unipotent subgroup of GL(V ), i.e., a subgroup whose elements are
unipotent. Assume also that ‖gm‖ ≃ mq for all g ∈ Γ \ {1}. Then Γ is commutative.
Proof. Let H denote the algebraic Zariski closure of Γ in GL(V ). Since the characteristic
polynomial of g ∈ Γ is (λ− 1)dimV , the same property holds for g ∈ H . We deduce that H
is a Lie subgroup of GL(V ) whose elements are unipotent. Let p and Vj be as in Definition
2.4. We deduce from Lemma 2.5 that p = q.
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Consider l, h in Γ and define g := lhl−1h−1. We want to show that g = id. By hypothesis,
it is enough to check that ‖gm‖ = o(mp). Let v and vj be as in the proof of Lemma 2.5.
Since v2 is a vector in V2, there are vectors u1 and u
′
1 in V1 such that l(v2) = v2 + u1
and h(v2) = v2 + u
′
1. Since H acts trivially on V1, we deduce that l
−1(v2) = v2 − u1,
h−1(v2) = v2 − u′1 and hence g(v2) = v2 or equivalently v1 = 0 because v1 = (g − id)(v2).
Now, by the expansion of gm(v) as in the proof of Lemma 2.5, the last term in this expansion
vanishes. Thus, ‖gm(v)‖ = o(mp) for every v ∈ V . The proposition follows. 
Lemma 2.7. Let H be a unipotent group and let H ′ be a finite-index subgroup of H. Then
we have ℓ(H ′) = ℓ(H). In particular, we have ℓmin(H) = ℓ(H), see the notation at the end
of Introduction.
Proof. By the definition, H can be regarded as a subgroup of the group of unipotent upper
triangular matrices in GL(N,C) for a suitable N . Let H ⊆ GL(N,C) be the algebraic
Zariski closure of H . Then H is still unipotent and hence connected since we are working
over the characteristic zero, see [19, Exercise 15.5.6].
Let H ⊇ H(1) ⊇ H(2) ⊇ · · · be the derived sequence of H . Then, H(i) is equal to H(i),
the algebraic Zariski closure of H(i), see [27, Proof of Lemma 2.1(2)]. It follows that the
derived length of H is equal to that of H.
Since H ′ is of finite-index in H , so is the group H ′ in the group H. Finally, since the
latter two groups are both unipotent and hence connected, they are equal. Thus, we have
ℓ(H) = ℓ(H) = ℓ(H ′) = ℓ(H ′). 
The following lemma implies Theorem 1.2 (1).
Lemma 2.8. Let X be a compact Ka¨hler manifold of dimension n. Let G be a subgroup
of Aut(X) with only zero entropy elements. Then there is a finite-index subgroup G′ of G
satisfying the following properties for every 1 ≤ p ≤ n− 1.
(1) The kernels of the canonical representations
ρp : G
′ → GL(H2p(X,R)) and ρp,p : G′ → GL(Hp,p(X,R))
are both equal to G′0;
(2) The images of both ρp and ρp,p are unipotent subgroups of GL(H
2p(X,R)) and
GL(Hp,p(X,R)), respectively.
Proof. It is enough to prove the statement for a fixed p because we can deduce the lemma
using a simple induction on p. Let g be an automorphism of X of zero entropy. For every
m ∈ Z, gm also has zero entropy. Therefore, all eigenvalues of ρp(gm) are of modulus less
than or equal to 1. Since ρp(g
m) preserves the image of H2p(X,Z) in H2p(X,R), we deduce
that the characteristic polynomial of ρp(g
m) belongs to a finite family of polynomials, as
their coefficients are bounded. If λ is an eigenvalue of ρp(g) then λ
m is an eigenvalue of
ρp(g
m) and hence belongs to a finite set which is independent of m. Thus, there is an
integer N ≥ 1 such that λN = 1 for all eigenvalues of ρp(g).
According to Lemma 2.1, replacing G by a finite-index subgroup, we have that ρp(G)
contains only unipotent elements of GL(H2p(X,R)). So we have the property (2) in the
lemma for both ρp and ρp,p.
Observe once again that ρp(G) preserves the image of H
2p(X,Z) in H2p(X,R). Let V
denote the smallest complex vector subspace of H2p(X,C), containing Hp,p(X,R), which
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is spanned by vectors in H2p(X,Z). Then the intersection of V with
H2p(X,Z) + iH2p(X,Z)
is a lattice of V . Both V and this lattice are preserved by the action of G.
The kernel K of ρp,p : G → GL(Hp,p(X,R)) is the set of g ∈ G whose action on
Hp,p(X,R) is trivial. In particular, K preserves the p-power of a Ka¨hler class. By a
generalized version of Fujiki-Lieberman’s theorem [8, Th. 2.1], the quotient K/G0 is a
finite group.
Finally, we apply Lemma 2.2 to Γ := G/G0 and to the above vector space V . According
to this lemma, we can replace G by a finite-index subgroup and assume that K = G0. This
implies the property (1) for both ρp and ρp,p because the kernel of ρp contains G0 and is
contained in K. This ends the proof of the lemma. 
We now consider some properties of groups acting on compact Ka¨hler manifolds. Lemma
2.9 below should be known and is certainly well-known in the algebraic setting. Indeed,
if X and Y are both projective, we may apply [31, Th. 1.0.3] for the smooth morphisms
g : Γ→ Γ in the proof below, in order to obtain a G-equivariant projective resolution X˜ as
in the lemma. For the sake of the completeness, we include the explicit statement and its
proof in the Ka¨hler setting here.
Lemma 2.9. Let X and Y be compact Ka¨hler manifolds, G a subgroup of Aut(X) and
f : X 99K Y a dominant meromorphic map. Assume that f is G-equivariant, in the sense
that there is a group homomorphism ρ : G → Aut(Y ) such that f ◦ g = ρ(g) ◦ f for all
g ∈ G. Then, there are a compact Ka¨hler manifold X˜ and a bimeromorphic morphism
ν : X˜ → X such that f ◦ν : X˜ → Y is a G-equivariant surjective morphism. In particular,
ν−1 ◦G ◦ ν is a subgroup of Aut(X˜) and is isomorphic to G.
Proof. Let Γ ⊂ X × Y be the Zariski closure of the graph of f : X 99K Y . By our
assumption, we have an inclusion G ≤ Aut(X×Y ) given by g 7→ (g, ρ(g)). Then g(Γ) = Γ
for all g ∈ G. Therefore, by restricting the action of G on X × Y to Γ, we obtain an
inclusion G ≤ Aut(Γ). By construction, the projections p1 : Γ → X and p2 : Γ → Y are
G-equivariant.
By taking a canonical resolution in [1, Th. 13.2], we also obtain aG-equivariant resolution
π : X˜ → Γ of Γ. Setting X0 := Γ and X˜ := Xm, by [1, Th. 13.2], we find that the morphism
π is of the form
π = πm ◦ πm−1 ◦ · · · ◦ π1 ,
where πi : Xi → Xi−1 (1 ≤ i ≤ m) is a blow-up along a smooth closed analytic subvariety
Ci−1 of Xi−1.
Since X0 = Γ ⊂ X × Y , it follows that X1 is a closed analytic subvariety of the blow-up
Z1 of Z0 := X × Y along Ci−1. Here, Z0 is a compact Ka¨hler manifold by our assumption.
Therefore, Z1 is also a compact Ka¨hler manifold by [3, Th. II 6]. Similarly, X2 is a closed
analytic subvariety of the blow-up Z2 of Z1 along C1 and Z2 is again a compact Ka¨hler
manifold by [3, Th. II 6]. Repeating this argument, we find that X˜ = Xm is a closed
analytic subvariety of a compact Ka¨hler manifold. Since X˜ is smooth, it is itself a compact
Ka¨hler manifold. This manifold X˜, together with the morphisms ν := p1 ◦ π : X˜ → X ,
satisfy the lemma. 
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The following lemma allows us to work with suitable bimeromorphically equivalent mod-
els. It is also very useful when treating the case of singular varieties.
Lemma 2.10. Let π : X1 99K X2 be a dominant meromorphic map between compact Ka¨hler
manifolds of the same dimension. Let G be a group acting on both X1 and X2 biholomor-
phically and π-equivariantly. Suppose G|X1 (or equivalently G|X2) is of zero entropy, i.e.,
their elements are zero entropy automorphisms. Then we have
ℓess(G|X1 , X1) = ℓess(G|X2 , X2) .
Further, replacing G by a finite-index subgroup, we have (G|X1)/(G|X1)0 ∼= (G|X2)/(G|X2)0.
Proof. The equivalence of G|Xi being of zero entropy for i = 1 or 2 is by [10, Th. 1.1].
Replacing π : X1 99K X2 by a G-equivariant resolution as in Lemma 2.9, we may assume
that π is a well-defined morphism. By Lemma 2.8, replacing G by a finite-index subgroup,
we may assume that the natural map (G|Xi)/(G|Xi)0 → G|H1,1(Xi,R) is an isomorphism for
i = 1, 2. Since the action of G on H1,1(Xi,R) is unipotent, we deduce that (G|Xi)/(G|Xi)0
contains no non-trivial element of finite order.
It is enough to show that the group homomorphisms G→ G|H1,1(Xi,R) have the same ker-
nel for i = 1, 2. Consider an element g of G and denote by gi its action as an automorphism
on Xi for i = 1, 2. These automorphisms are related by the identity
π ◦ g1 = g2 ◦ π .
We only need to check that g1 acts trivially on H
1,1(X1,R) if and only if g2 acts trivially
on H1,1(X2,R).
Fix a Ka¨hler form ω on X2. It follows from the equality above that
g∗1π
∗(ω) = π∗g∗2(ω) .
Note that π∗(ω) and π∗g∗2(ω) are smooth positive closed (1, 1)-forms as π is a well-defined
morphism. We deduce from the last identity that
g∗1π
∗{ω} = π∗g∗2{ω} ,
where {ω} denotes the class of ω in H1,1(X2,R).
Assume that the action of g2 on H
1,1(X2,R) is trivial. We have
g∗1π
∗{ω} = π∗{ω} .
Since ω is Ka¨hler, the class π∗{ω} is big, see e.g. [6, p. 1253] for this fact and the definition of
big class in the Ka¨hler setting. By [8, Cor. 2.2], a power of g1 belongs to (G|X1)0. It follows
that g1 belongs to (G|X1)0 and hence acts trivially on H1,1(X1,R) because (G|Xi)/(G|Xi)0
contains no non-trivial element of finite order.
Assume now that the action of g1 on H
1,1(X1,R) is trivial. We need to show a similar
property for g2. For any class c ∈ H1,1(X2,R), we have
π∗(c) = g∗1(π
∗(c)) = π∗(g∗2(c))
for the same reason as above. Applying π∗ to the above equality and noting π∗π
∗ =
(deg π) id, we get g∗2(c) = c. Hence, g2 acts trivially on H
1,1(X2,R). 
Finally, we close this section with the following useful result. We refer the reader to [15,
Prop. 5.10] or [24] for a proof.
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Lemma 2.11. Let X be a compact Ka¨hler manifold which is not uniruled. Then Aut0(X)
is a compact complex torus.
Note that an algebraic version of this result, for non-ruled smooth projective varieties, is
a direct consequence of the structure theorem of algebraic group, due to Chevalley, together
with [30, Th. 14.1].
3. Main derived length estimate
In this section, we will give a main estimate of derived length for unipotent groups of
automorphisms. This is a weak version of Theorem 1.2 (2). For the proof, we will use in
an essential way a construction of special invariant cohomology classes.
Proposition 3.1. Let X and G be as in Theorem 1.2. Then we have
ℓess(G,X) ≤ n− 1 .
We first deduce the following corollary, which may have its own interest. Though we
will not use this corollary itself in this paper, we will use a similar result in Proposition
5.5 for singular projective varieties in Section 5.
Corollary 3.2. Let X be a compact Ka¨hler manifold of dimension n ≥ 1. Let G ≤ Aut(X)
be a group of zero entropy automorphisms. Suppose that Aut0(X) is commutative (for
instance, this holds when X is not uniruled, see Lemma 2.11). Then
(1) We have the following (in)equalities
ℓmin(G) ≤ ℓmin(G/G0) + 1 = ℓmin(G|H2(X,R)) + 1 = ℓess(G,X) + 1 ≤ n .
(2) If ℓmin(G) = n, then we have
G0 6= {1} and ℓess(G,X) = n− 1 .
Proof. By Lemma 2.8 and Proposition 3.1, replacing G by a finite-index subgroup, we may
assume that the natural map G/G0 → G|H2(X,R) is an isomorphism with image a unipotent
group of derived length ≤ n − 1. Then (1) follows from the fact that G0 ≤ Aut0(X) is
commutative. (2) follows from (1) as the inequalities in (1) have to be equalities by the
assumption. 
Thanks to Lemmas 2.7 and 2.8, in order to prove Theorem 1.2 (2) and Proposition 3.1,
we can, for simplicity, replace G by a suitable finite-index subgroup and assume that the
properties (1) and (2) in Lemma 2.8 hold for G instead of G′. As mentioned above, we will
use in an essential way a construction of special invariant cohomology classes.
Let Ki(X) denote the set of classes in H i,i(X,R) that can be approximated by classes
of smooth positive closed (i, i)-forms, i.e., Ki(X) is the closure of the open convex cone
generated by the classes of smooth strictly positive closed (i, i)-forms in H i,i(X,R). This
is a salient (that is, no line contained) convex closed cone with non-empty interior which
is invariant by Aut(X). We need to study the action of automorphisms on this cone. The
following lemma will be used later.
Lemma 3.3. Let L be a class in Ki(X)\{0} with 0 ≤ i ≤ n−1. Let g be an automorphism
such that its action on H i+1,i+1(X,R) is unipotent and g(L) = L. Assume moreover that
‖gm‖ = O(m) on L ·H1,1(X,R). Then g = id on L ·H1,1(X,R).
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Proof. By hypothesis, the Jordan canonical form of the action of g on L · H1,1(X,R)
contains only Jordan blocks of size 1 × 1 or 2 × 2. Assume by contradiction that g 6= id
on L · H1,1(X,R). We deduce that ‖gm‖ ≃ m on L · H1,1(X,R) and at least one of the
above Jordan blocks is of size 2 × 2. We also see that ‖gm(Lv)‖ ≃ m for v ∈ H1,1(X,R)
such that g(Lv) 6= Lv. In particular, this property holds for v outside some proper linear
subspace of H1,1(X,R).
Consider a general Ka¨hler class c. We have g(Lc) 6= Lc and ‖gm(Lc)‖ ≃ m. Using the
above description of the Jordan canonical form of the action of g, we can write
g(Lc) = Lc + LM
for some class M ∈ H1,1(X,R) with LM 6= 0 and g(LM) = LM . Iterating the identity
g(Lc) = Lc+ LM gives
gm(Lc) = Lc+mLM
or equivalently
gm(c) = c+mM + Um
for some class Um such that LUm = 0.
We deduce from the last identity that for every k ≥ 1
Lgm(ck) = mkLMk + o(mk) as m→∞ .
Choose the maximal integer k ≤ n − i such that LMk 6= 0. The class LMk belongs to
Ki+k(X) because it is the limit of the classes m−kL · gm(ck) which are in Ki+k(X). Finally,
using the maximality of k, we get
m−kgm(Lcn−i) = m−kL · gm(cn−i) =
(
n− i
k
)
LMkcn−i−k + o(1) .
Observe that dimHn,n(X,R) = 1 and Aut(X) preserves Hn,n(X,Z) and Kn(X). We
deduce that Aut(X) acts trivially on Hn,n(X,R). So the left hand side of the last sequence
of equalities tends to 0. It follows that LMkcn−i−k = 0. On the other hand, since LMk is a
non-zero class in Ki+k(X), it can be represented by a non-zero positive closed current. As
c is a Ka¨hler class, LMkcn−i−k is represented by a non zero positive measure and it cannot
vanish. This is a contradiction which ends the proof of the lemma. 
For any class L ∈ Ki(X)\{0}, denote by Nef (L) the closure of the cone L·Nef(X), where
Nef(X) := K1(X) is the closure of the Ka¨hler cone in H1,1(X,R). This is a salient convex
closed cone in the vector space L ·H1,1(X,R) which is contained in the cone Ki+1(X) since
the last cone and the space L ·H1,1(X,R) are closed in H i+1,i+1(X,R).
Lemma 3.4. There is a sequence of classes Li ∈ Ki(X) \ {0} for 0 ≤ i ≤ n such that
(1) L0 = 1 and Li+1 ∈ Nef(Li) for every 0 ≤ i ≤ n− 1. In particular, there is a class
Mi+1 ∈ H1,1(X,R) such that Li+1 = LiMi+1;
(2) Li is invariant by G for every 0 ≤ i ≤ n.
Proof. We construct the sequence by induction. Assume that L0, . . . , Li are already con-
structed and satisfy the above properties (1) and (2). We see that Nef (Li) is invariant by
G. Since G is unipotent, it is solvable. Therefore, by a version of Lie-Kolchin’s theorem for
cone [22, Th. 1.1], there is a ray in Nef (Li) which is preserved by G. Choose Li+1 in this
ray. Since the eigenvalues of the action of g on H i+1,i+1(X,R) are 1 for g ∈ G, we deduce
that Li+1 is invariant by G. This completes the proof of the lemma. 
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From now, we fix some classes Li in Lemma 3.4 for 0 ≤ i ≤ n. Denote by Hi the group
of all g ∈ G such that g = id on Li ·H1,1(X,R). Since Li+1 = LiMi+1, we see easily that
the sequence Hi is increasing, Hi is normal in G and hence in Hj for i < j. Moreover,
G/Hi acts faithfully on Li ·H1,1(X,R). Observe that H0 = G0 as we assume Lemma 2.8
holds for G instead of G′. So if H0 = G or equivalently if G acts trivially on H
1,1(X,R),
then Theorem 1.2 (2) and Proposition 3.1 are obvious.
Lemma 3.5. Assume that H0 6= G. Then there is an integer 0 ≤ l ≤ n − 2 such that
Hl 6= G and Hl+1 = G.
Proof. Recall that Aut(X) acts trivially on Hn,n(X,R). It follows that Hn−1 = G. The
lemma follows easily. 
Proposition 3.6. Let g be an element of Hi+1 such that g 6∈ Hi for some 0 ≤ i ≤ l. Then
we have ‖gm‖ ≃ m2 on Li ·H1,1(X,R).
Using this result, we first complete the proof of Proposition 3.1.
End of the proof of Proposition 3.1. Recall that we have already replaced G by
a finite-index subgroup so that Properties (1) and (2) in Lemma 2.8 are satisfied for G
instead of G′. We can also assume that H0 6= G as in Lemma 3.5. Since l ≤ n − 2, it is
enough to show that ℓ(G/G0) ≤ l + 1.
Since H0 = G0 and Hl+1 = G, in order to complete the proof, it is enough to show
that Hi+1/Hi is commutative. Recall that this group acts faithfully on the vector space
V := Li·H1,1(X,R). Let Γ denote the image of the representation ofHi+1/Hi in GL(V ). We
need to check that Γ is commutative. But by Proposition 3.6, this is a direct consequence
of Proposition 2.6 applied to Γ, V and q := 2. This proves Proposition 3.1, assuming
Proposition 3.6. 
In the rest of this section, we give the proof of Proposition 3.6. We need to introduce
some notation and auxiliary results. Let Fi denote the set of all classes c ∈ H1,1(X,R)
such that Lic = 0. We deduce from the properties of Li that the sequence Fi is increasing.
Moreover, H1,1(X,R)/Fi is naturally isomorphic to Li ·H1,1(X,R).
Consider Ka¨hler classes c1, . . . , cn−i−2 and define the quadratic form Q on H
1,1(X,R) by
Q(M,M ′) := LiMM
′c1 . . . cn−i−2 for M,M
′ ∈ H1,1(X,R) .
Here, the right hand side of the identity is a real number since Hn,n(X,R) is canonically
identified with R. By the definition of Fi, this quadratic form induces a quadratic form
on H1,1(X,R)/Fi that we still denote by Q. Consider another Ka¨hler class cn−i−1 and the
primitive space
P :=
{
M ∈ H1,1(X,R) : LiMc1 . . . cn−i−1 = 0
}
.
Since Li belongs to Ki(X)\{0}, we have Lic1 . . . cn−i−1 6= 0. Therefore, by Poincare´ duality,
P is a hyperplane of H1,1(X,R). Observe that this hyperplane contains Fi, hence P/Fi is
a hyperplane of H1,1(X,R)/Fi.
Lemma 3.7. The quadratic form Q is negative semi-definite on P/Fi. Moreover, Q is
also negative semi-definite on Fi+1/Fi.
Proof. If we replace Li by a product of Ka¨hler classes, then by the mixed version of Hodge-
Riemann theorem, Q is negative definite on P , see [9, 16]. By definition, Li is a limit
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of classes which are products of Ka¨hler classes. Thus, by continuity, we obtain the first
assertion in the lemma.
Define
P ′ :=
{
M ∈ H1,1(X,R) : Li+1Mc1 . . . cn−i−2 = 0
}
.
Since the class Li+1 belongs to Ki+1(X) \ {0} and the classes ck are Ka¨hler, we have
Li+1c1 . . . cn−i−2 6= 0. Then, by Poincare´ duality, P ′ is also a hyperplane of H1,1(X,R).
Recall that Li+1 can be approximated by classes of type Lic with c Ka¨hler. Therefore, we
can approximate P ′ by P using suitable Ka¨hler class cn−i−1. Finally, since Q is negative
semi-definite on P , by continuity, it is negative semi-definite on P ′ as well. This implies
the second assertion of the lemma because Fi+1 is contained in P
′. 
Lemma 3.8. Let M and M ′ be linearly independent classes in H1,1(X,R)/Fi such that
Q(M,M) = Q(M,M ′) = Q(M ′,M ′) = 0 and LiM ∈ Ki+1(X) \ {0}.
Then there is a vector (a, b) ∈ R2 \ {0}, unique up to a multiplicative constant, such that
Li(aM + bM
′)c1 . . . cn−i−2 = 0 .
Moreover, if Π is the plane spanned byM andM ′, then Π∩(P/Fi) is the real line containing
the vector aM + bM ′.
Proof. Since the classes ck are Ka¨hler and LiM ∈ Ki+1(X) \ {0}, we have
LiMc1 . . . cn−i−1 6= 0 and LiMc1 . . . cn−i−2 6= 0 .
Therefore, we have M 6∈ P/Fi and (a, b) is unique up to a multiplicative constant. We also
obtain that Π ∩ (P/Fi) is a real line. Let N := aM + bM ′ be a vector in this real line. It
is enough to show that this vector satisfies the identity in the lemma.
By Poincare´ duality, we only have to show thatQ(N,N ′) = 0 for every N ′ ∈ H1,1(X,R)/Fi.
By hypothesis, we have this property for N ′ ∈ Π. It suffices now to check the same prop-
erty for N ′ ∈ (P/Fi). Observe that Q(N,N) = 0 since N ∈ Π∩ (P/Fi). Using Lemma 3.7
and Cauchy-Schwarz inequality, we have for N ′ ∈ (P/Fi)
Q(N,N ′)2 ≤ Q(N,N) ·Q(N ′, N ′) = 0 .
The lemma follows. 
We continue the proof of Proposition 3.6. In order to simplify the notation, we work with
the groupHi+1/Hi which acts faithfully on Li ·H1,1(X,R) or equivalently on H1,1(X,R)/Fi.
Fix an element g of Hi+1/Hi which is different from the identity. We need to show that
‖gm‖ ≃ m2 on Li ·H1,1(X,R) or equivalently on H1,1(X,R)/Fi.
Since the action of g on H1,1(X,R)/Fi is unipotent, there is an integer q ≥ 0 such that
‖gm‖ ≃ mq on H1,1(X,R)/Fi. This can be seen using the Jordan canonical form of the
action of g. It suffices to check that q = 2 and by Lemma 3.3 we only have to show that
q ≤ 2.
Assume the contrary that q ≥ 3. Fix a general Ka¨hler class c. By definition of q, since
c is general, we have ‖gm(c)‖ ≃ mq. In fact, using the positivity, we can show the last
property for every Ka¨hler class c. Observe also that since g = id on H1,1(X,R)/Fi+1, we
have that gm(c)− c belongs to Fi+1/Fi for every m.
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Using the Jordan canonical form of the action of g, we see that there are classes
M,M ′,M ′′ ∈ H1,1(X,R)/Fi satisfying the following identity in H1,1(X,R)/Fi
gm(c) =
(
m
q
)
M +
(
m
q − 1
)
M ′ +
(
m
q − 2
)
M ′′ + o(mq−2) .
Lemma 3.9. The classes M,M ′ and M ′′ belong to Fi+1/Fi. Moreover, we have LiM ∈
Ki+1(X) \ {0}, g(M) = M and g(M ′) = M +M ′. In particular, M and M ′ are linearly
independent.
Proof. Clearly, the last assertion is a consequence of the earlier ones. Since ‖gm(c)‖ ≃ mq,
we deduce from the above expansion of gm(c) that M 6= 0 in H1,1(X,R)/Fi and hence
LiM 6= 0. We also deduce from this expansion that
LiM = q! lim
m→∞
m−qLi · gm(c) ,
which implies that LiM ∈ Ki+1(X) \ {0}.
Moreover, we have
M = q! lim
m→∞
m−qgm(c) = q! lim
m→∞
m−q(gm(c)− c) .
Since gm(c)− c belongs to Fi+1/Fi, the class M also belongs to Fi+1/Fi. Similarly, if q ≥ 2
as in our case, we have
M ′ = (q − 1)! lim
m→∞
m−q+1
[
gm(c)−
(
m
q
)
M
]
= (q − 1)! lim
m→∞
m−q+1
[
gm(c)− c−
(
m
q
)
M
]
which implies that M ′ belongs to Fi+1/Fi as well. In the same way, if q ≥ 3 as in our case,
we can check that M ′′ belongs to Fi+1/Fi.
Now, from the above identities for M and M ′, we have
g(M) = q! lim
m→∞
m−qgm+1(c) = q! lim
m→∞
(m+ 1
m
)q
(m+ 1)−qgm+1(c) =M
and using g(M) = M we obtain that g(M ′) is equal to
(q − 1)! lim
m→∞
m−q+1
[
gm+1(c)−
(
m
q
)
g(M)
]
= lim
m→∞
(
(q − 1)!m−q+1
[
gm+1(c)−
(
m+ 1
q
)
M
]
+ (q − 1)!m−q+1
[(m+ 1
q
)
−
(
m
q
)]
M
)
= M ′ +M.
This completes the proof of the lemma. 
End of the proof of Proposition 3.6. By Lemmas 3.7 and 3.9, we have
Q(M,M) ≤ 0 and Q(M ′,M ′) ≤ 0 .
On the other hand, using the above expansion of gm(c), we have
Q(gm(c), gm(c)) =
(
q!−2 + o(1)
)
m2qQ(M,M) + 2
(
q!−1(q − 1)!−1 + o(1))m2q−1Q(M,M ′)
+ m2q−2
(
(q − 1)!−2Q(M ′,M ′) + 2q!−1(q − 2)!−1Q(M,M ′′))+ o(m2q−2).
Since gm(c) is a Ka¨hler class, the left hand side is non-negative. Therefore, we necessarily
have Q(M,M) = 0. Using this, Lemma 3.7 and Cauchy-Schwarz inequality, we obtain that
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Q(M,N) = 0 for all N ∈ Fi+1/Fi. In particular, we have Q(M,M ′) = Q(M,M ′′) = 0.
Hence, using again the above expansion of Q(gm(c), gm(c)), we get Q(M ′,M ′) = 0.
Now, by the first assertion of Lemma 3.8, there is a vector (a, b) ∈ R2 \ {0}, unique up
to a multiplicative constant, such that
(A) Li(aM + bM
′)c1 . . . cn−i−2 = 0.
Also by the second assertion of Lemma 3.8, this (a, b) is the unique (up to a multiplicative
constant) solution of the equation
(B) Li(aM + bM
′)c1 . . . cn−i−1 = 0.
So Equation (B) is equivalent to Equation (A) which can be obtained from (B) by removing
the factor cn−i−1. Since this property holds for arbitrary Ka¨hler classes c1, . . . , cn−i−1,
Equation (B) is equivalent to any equation obtained from (B) by removing a factor cj
(A’) Li(aM + bM
′)c1 . . . cj−1cj+1 . . . cn−i−2cn−i−1 = 0.
We conclude that (A) and (A’) are equivalent. In other words, Equation (A) remains
equivalent if we replace a factor cj by any other Ka¨hler class. Therefore, if (a, b) is as
above, after replacing one by one the factors cj with arbitrary Ka¨hler classes, we have
Li(aM + bM
′)c1 . . . cn−i−2 = 0
for all Ka¨hler classes c1, . . . , cn−i−2. Since Ka¨hler classes span H
1,1(X,R), we obtain
Li(aM + bM
′)H1,1(X,R)n−i−2 = 0 .
Finally, using the action of g which preserves Li, we get
Li(ag(M) + bg(M
′))H1,1(X,R)n−i−2 = 0
or equivalently
Li
(
(a+ b)M + bM ′
)
H1,1(X,R)n−i−2 = 0
as g(M) = M and g(M ′) =M +M ′, according to Lemma 3.9. We conclude that
LiMH
1,1(X,R)n−i−2 = 0 .
This is a contradiction because LiM is a class in Ki+1(X) \ {0} and therefore, we have
LiMc1 . . . cn−i−2 6= 0 for all Ka¨hler classes c1, . . . , cn−i−2. The proof of Proposition 3.6 is
now complete. 
4. Proofs of Theorem 1.2 (2)(3) and Theorem 1.3
In this section, we complete the proof of Theorem 1.2 and also prove Theorem 1.3. First,
we prove the following general result.
Proposition 4.1. Let ϕ : Z → Y be a surjective morphism between compact Ka¨hler
manifolds. For all y ∈ Y , denote by Fy := ϕ−1(y) the fibre over y and assume that Fy is
connected. Let W be the set of all y ∈ Y such that Fy is a regular fibre and Aut0(Fy) is an
abelian group. Assume moreover that Aut0(Z) is an abelian group contained in Aut(Z/Y )
and that W is not contained in any countable union of proper analytic subsets of Y . Let
G be any subgroup of zero entropy of Aut(Z) which is contained in Aut(Z/Y ). Then for
every regular fibre Fy, we have
ℓess(G,Z) ≤ 1 + ℓess(G|Fy , Fy) ≤ dimZ − dim Y .
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Moreover, if ℓess(G,Z) = dimZ − dimY , then Aut0(Fy) 6= {1} for a very general fibre Fy.
We now prove Proposition 4.1. Recall that Aut(Z) has countably many connected
components. If g is an element of Aut(Z) then the component of g is Aut0(Z)g, see
[15, 24]. Since Aut0(Z) is contained in Aut(Z/Y ), the group Aut(Z/Y ) is also a countable
union of connected components of Aut(Z).
For any subset E of Y , define
AutE(Z/Y ) :=
{
g ∈ Aut(Z/Y ) : g|Ft ∈ Aut0(Ft) for t ∈ E with Ft regular
}
.
Observe that the restriction of Aut0(Z) to a regular fibre Ft is a connected group and
hence contained in Aut0(Ft). Therefore, AutE(Z/Y ) is a countable union of connected
components of Aut(Z). Moreover, by hypotheses, the commutators of AutE(Z/Y ) are
identity on ϕ−1(E ∩ W ). So if E ∩ W is not contained in a proper analytic subset of
Y , then these commutators are identity on Z, or equivalently, AutE(Z/Y ) is an abelian
subgroup of Aut(Z/Y ).
Consider the group
Aut+0 (Z/Y ) :=
{
g ∈ Aut(Z/Y ) : g|H2(Ft,R) = id for some regular fibre Ft
}
.
Since g|Ft preserves H2(Ft,Z), by continuity, the property g|H2(Ft,R) = id does not depend
on the choice of the regular fibre Ft. Equivalently, we have
Aut+0 (Z/Y ) =
{
g ∈ Aut(Z/Y ) : g|H2(Ft,R) = id for all regular fibres Ft
}
.
This is a group of zero entropy (cf. [10]) and is a countable union of some connected
components of Aut(Z/Y ). Note also that if E contains a point t such that Ft is a regular
fibre, then AutE(Z/Y ) is a subgroup of Aut
+
0 (Z/Y ). We will consider the sets E with this
property. We need the following result.
Lemma 4.2. Under the assumption of Proposition 4.1, there are an increasing sequence
of subsets Ek of Y and a decreasing sequence of finite-index subgroups Gk of G, for k =
1, 2, . . ., such that
(1) the union of Ek is the set of all y ∈ Y such that Fy is a regular fibre; and
(2) Gk ∩ Aut+0 (Z/Y ) is contained in AutEk(Z/Y ).
Assuming Lemma 4.2 for the time being, we first complete the proof of Proposition 4.1.
Proof of Proposition 4.1. For the first assertion of this proposition, we fix a regular
fibre Fy. By Theorem 1.2 (1), applied to Z, we can replace G by a finite-index subgroup
in order to assume that ℓess(G,Z) = ℓ(G/G0), see also Lemma 2.7. Applying again this
theorem to Fy, we get a similar identity for H := G|Fy , that is, ℓess(H,Fy) = ℓ(H/H0).
Fix an integer k large enough so thatW ∩Ek is not contained in a proper analytic subset
of Y and that y belongs to Ek. We use here the hypothesis that W is not contained in a
countable union of proper analytic subsets of Y . We have seen that for such a choice of
Ek, the group AutEk(Z/Y ) is abelian and contained in Aut
+
0 (Z/Y ). Therefore, GEk :=
G ∩ AutEk(Z/Y ) is an abelian subgroup of G which contains G0.
By Lemma 4.2, replacing G by the finite-index subgroup Gk, we may assume that
GEk = G ∩Aut+0 (Z/Y ) = π−1(H0) ,
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where π : G → H is the natural homomorphism. We use here that y belongs to Ek and
AutEk(Z/Y ) ⊂ Aut+0 (Z/Y ). It follows that
ℓess(G,Z) = ℓ(G/G0) ≤ 1 + ℓ(G/GEk) = 1 + ℓ(H/H0) = 1 + ℓess(H,Fy) .
On the other hand, we deduce from Proposition 3.1, applied to H acting on Fy, that
1 + ℓess(H,Fy) ≤ dimFy = dimZ − dimY .
The first assertion in the proposition follows easily.
For the second assertion, assume that ℓess(G,Z) = dimZ−dimY . So the above inequal-
ities are now equalities. Remember this property only holds when we replace G by Gk with
k large enough. So we deduce that the groups
Gk ∩AutEk(Z/Y )
are not trivial for k large enough. Note that this sequence of groups is decreasing. Hence,
Vk :=
{
y ∈ Y : g|Fy = id for all g ∈ Gk ∩ AutEk(Z/Y )
}
is an increasing sequence of proper analytic subsets of Y .
Consider a regular fibre Fy with y outside the union of Vk. Fix an integer k large
enough as in the proof of the first assertion. Since y does not belong to Vk, the restriction
of Gk ∩ AutEk(Z/Y ) to Fy is non-trivial. Then, by definition of AutEk(Z/Y ), we get
Aut0(Fy) 6= {1}. This ends the proof of Proposition 4.1 (modulo Lemma 4.2). 
Proof of Lemma 4.2. For simplicity, we can replace G by the group generated by G
and Aut0(Z) in order to assume that Aut0(Z) ⊂ G and therefore, G is a countable union
of connected components of Aut(Z/Y ). All subgroups of Aut(Z) considered below satisfy
the same property. We need the following result.
Claim 4.3. G admits only countably many finite-index subgroups.
We first prove Claim 4.3. Recall that G is a Lie group and its component of the identity
is Aut0(Z). So any finite-index subgroup of G contains Aut0(Z). Consider the natural
representation
G/Aut0(Z)→ GL(H2(Z,R)) .
Its kernel is finite, see [15, 24]. The action of G on H2(Z,R) preserves the lattice H2(Z,Z).
Therefore, by Lemma 2.2, G/Aut0(Z) admits only countably many subgroups, or equiva-
lently, G admits only countably many subgroups containing Aut0(Z). Claim 4.3 follows.
We return back to the proof of Lemma 4.2. Denote the finite-index subgroups of G by
Γ1,Γ2,Γ3 . . ., and define
Gk := Γ1 ∩ . . . ∩ Γk .
This is a decreasing sequence of finite-index subgroups of G. Define also
Ek :=
{
t ∈ Y : Ft is a regular fibre and g|Ft ∈ Aut0(Ft) for g ∈ Gk ∩ Aut+0 (Z/Y )
}
.
This is an increasing sequence of subsets of Y and the assertion (2) in the lemma holds for
our choice of Ek and Gk. It remains to show that given a regular fibre Fy, we have y ∈ Ek
for some k.
By Theorem 1.2 (1), applied to the action of G|Fy on Fy, there is a finite-index subgroup
of G, i.e., a group Γk for some k, such that the kernel of the natural representation Γk|Fy →
GL(H2(Fy,R)) is equal to Γk|Fy ∩ Aut0(Fy). Observe that this kernel is also equal to the
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restriction of Γk ∩ Aut+0 (Z/Y ) to Fy. Moreover, the last two properties still hold if we
replace Γk by Gk because Gk is a subgroup of Γk. It follows that y belongs to Ek. This
ends the proof of Lemma 4.2 and also Proposition 4.1. 
Proof of Theorem 1.2 (2) and Theorem 1.3. Observe that the independence of the
derived length stated in Theorem 1.2 (2) is a consequence of Lemma 2.7. By Proposition
3.1, we may assume that κ(X) ≥ 1. Let f : X 99K B be an Iitaka fibration of X . The base
space B is a projective variety with
dimB = κ(X) ≥ 1 .
By [25, Cor. 2.4] (see also [30, Th. 14.10]), replacing G by a finite-index subgroups, say G
the same letter, we may assume that G descends to a trivial action on the base space B.
The same holds if we replace B by a projective resolution of B.
Then by Lemma 2.9, we obtain a G-equivariant bimeromorphic morphism X˜ → X from
a compact Ka¨hler manifold X˜ such that G = G|X˜ ≤ Aut(X˜) and the Iitaka fibration
f : X˜ → B is a morphism with all fibres connected, see [30, Lem. 5.6 and Prop. 5.7] for
the connectedness of fibres. Moreover, the base B is a smooth projective variety with
dimB = κ(X) ≥ 1 and we have G|B = {1}.
According to Lemma 2.10, replacing G by a suitable finite-index subgroup, we have
G|X˜/(G|X˜)0 ∼= G|X/(G|X)0. Therefore, in order to show the estimate in Theorem 1.2 (2),
we may replace X and G by X˜ and G|X˜ . Thus, we may assume for simplicity that
f : X → B is holomorphic and G|B = {1}. Replacing G by G · Aut0(X), we may further
assume that G ≥ Aut0(X) because this replacement does not change G/G0.
Since κ(X) ≥ 1, X is non-uniruled by the ramification divisor formula and the adjunction
formula, see also [30, Th. 6.10, Prop. 6.13]. Note that the same property holds for all Ka¨hler
manifolds X with κ(X) ≥ 0. Therefore, Aut0(X) is a torus, according to Lemma 2.11.
Observe also that the regular fibres of the fibration f : X → B are connected compact
Ka¨hler manifolds of dimension n − κ(X). If F is a very general fibre of f , then we have
κ(F ) = 0, see [30, Th. 6.11 and its proof]. Therefore, such a fibre F is non-uniruled and
Aut0(F ) is a torus, thanks to Lemma 2.11. We can now apply Proposition 4.1 to the
fibration f : X → B.
Let F be a regular fibre of this fibration. Recall that each reduction process above does
not change the value of ℓmin(G/G0). Then, according to Proposition 4.1, we have
(∗) ℓmin(G/G0) = ℓess(G,X) ≤ 1 + ℓess(G|F , F ) ≤ n− dimB = n− κ(X).
This is just the estimate in Theorem 1.2 (2).
We now prove Theorem 1.3. With the above construction, we already get the as-
sertions (1) and (2) in Theorem 1.3. From the hypotheses of this theorem, we have
ℓmin(G/G0) = n − κ(X). Therefore, all inequalities in (∗) are equalities. In particular,
we have ℓess(G|F , F ) = dimF − 1. Thus, F has MPA by the group G|F and we obtain
Theorem 1.3 (3). If the fibre F is further assumed to be very general, then we have seen
that κ(F ) = 0 and Aut0(F ) is a torus. By Proposition 4.1, we also have Aut0(F ) 6= {1}.
This completes the proof of Theorem 1.3. 
Now we are going to prove Theorem 1.2 (3). Denote by U(n,Z) the group of n×n upper
triangle matrices whose entries are integers and whose diagonal entries are 1. Let Eij be
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the n× n-matrix whose (i, j)-entry is 1 and other entries are 0. It is well-known and easy
to see directly that U(n,Z) is generated by
τij := In + Eij with 1 ≤ i < j ≤ n ,
and U(n,Z) is a unipotent group of derived length n− 1.
First we construct examples of abelian varieties, especially of Kodaira dimension 0, with
MPA. This is needed in our proof of Theorem 1.2 (3) and also covers the case κ = 0 there.
Proposition 4.4. Let n ≥ 2 be an integer and E = (E,O) an elliptic curve. Then, the
product En is a smooth projective variety with MPA by the group U(n,Z).
Proof. The product En is a smooth projective variety (an abelian variety) and Aut0(E
n) =
En (the translation group of En). En has a natural faithful action of U(n,Z) defined via
the addition of X = En. For instance, the action of τij = In + Eij is
(P1, . . . , Pi, . . . , Pj, . . . , Pn) 7→ (P1, . . . , Pi + Pj , . . . , Pj, . . . , Pn) .
The induced action on H2(En,Z) = ∧2H1(En,Z) is then faithful and unipotent. Hence,
U(n,Z) is of zero entropy.
We have U(n,Z) ∩ Aut0(X) = {1} because U(n,Z) acts on H2(X,Z) faithfully. Thus,
by Lemma 2.7,
ℓess(U(n,Z), E
n) = ℓmin(U(n,Z)) = ℓ(U(n,Z)) = n− 1 .
This completes the proof of the proposition. 
Proof of Theorem 1.2 (3). Let E = (E,O) be any elliptic curve. Let n ≥ 2 and κ be
integers such that 1 ≤ κ ≤ n−1 (the case κ = n is trivial by [30, Cor. 14.3]). Fix a smooth
projective variety B of dimension κ having an ample canonical divisor KB such that there
is a surjective morphism ρ : B → E. One may find such a B as a general member of a very
ample linear system of the product variety Eκ+1. Indeed, then, the canonical divisor KB is
very ample (and hence B is of general type) by the adjunction formula and the projection
B → E to the first factor is surjective.
Consider the product X := En−κ ×B. This is a smooth projective variety of dimension
n ≥ 2 and the projection
q : X = En−κ × B → B
is the Iitaka fibration of X so that κ(X) = κ ≥ 1. This is because KEn−κ is trivial while
KB is ample. The group U(n− κ,Z) acts faithfully on X by
U(n− κ,Z) = U(n− κ,Z)× {idB} ≤ Aut((E,O)n−κ)×Aut(B) ≤ Aut(En−κ × B) .
For each i with 1 ≤ i ≤ n− κ, we define ρi ∈ Aut(X) by
En−κ × B ∋ (P1, . . . , Pi, . . . , Pn−κ, Q) 7→ (P1, . . . , Pi + ρ(Q), . . . , Pn−κ, Q) ∈ En−κ ×B .
Then ρi ∈ Aut(X/B) with respect to the projection q. We set
A :=
〈
ρi | 1 ≤ i ≤ n− κ
〉 ≤ Aut(X/B) ≤ Aut(X) .
This is an abelian subgroup of Aut(X). Finally, define
G :=
〈
U(n− κ,Z), A〉 ≤ Aut(X/B) ≤ Aut(X) .
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Since A (resp. U(n−κ,Z)) acts on each fibre En−κ as a translation (resp. zero entropy)
group, by the relative dynamical degree formula in [10, Th. 1.1], the action of G on X is
of zero entropy.
Now Proposition 4.5 below will complete the proof of Theorem 1.2 (3). Note that the
case κ = 1 provides an example of a smooth projective variety of dimension n ≥ 2 with
MPA by a group G and with the maximum possible Kodaira dimension κ(X) = 1. 
Proposition 4.5. Under the notation above, we have G0 = {1} and
ℓess(G,X) = ℓ(G) = n− κ = dimX − κ(X) .
Proof. Using [4, Cor. 2.3], for X = En−κ×B, we obtain the following natural isomorphisms
Aut0(X) ∼= Aut0(En−κ)×Aut0(B) ∼= En−κ × {idB} ∼= En−κ.
Here, we use that B is of general type and hence Aut(B) is finite, see [30, Cor. 14.3].
Let t ∈ B be a very general point. Then ρ(t) ∈ (E,O) is a non-torsion point, i.e., an
infinite order element of the abelian group (E,O). Then, the action of G on
q−1(t) = En−κ × {t} ≃ En−κ
is faithful and given, for z ∈ En−κ, by
z 7→ Az + ρ(t)b with A ∈ U(n− κ,Z) and b ∈ Zn−κ .
If t′ ∈ B is another very general point, the intersection between ρ(t)Zn−κ and ρ(t′)Zn−κ
is trivial, i.e., equal to {0}. Therefore, we see that the identity is the only element in
G which belongs to Aut0(X). Thus, we have G0 = {1} and therefore ℓess(G,X) = ℓ(G)
provided that G is unipotent.
It remains to show that G is a unipotent group with ℓ(G) = n−κ. This is now a purely
group theoretical problem. From the description of the action of G on q−1(t), we may
identify G with the unipotent affine transformation group
P := Zn−κ ⋊ U(n− κ,Z) ∼= U(n− κ+ 1,Z) .
Here, the last isomorphism is the natural one given by
Zn−κ ⋊ U(n− κ,Z) ∋ f(x) = Ax+ b↔
(
A b
0 1
)
∈ U(n− κ+ 1,Z) .
Thus, for the derived sequence of P ∼= U(n− κ+ 1,Z), by induction on the size n− κ+ 1
of the matrices, we deduce that
P (n−κ−1) = Z(1, 0, . . . , 0)⋊ {In−κ} 6= {1} , P (n−κ) = {1}.
Hence G is a unipotent group with ℓ(G) = n − κ. This proves Proposition 4.5 and also
Theorem 1.2 (3). 
Proposition 4.6. For each n ∈ {2, 3, 4, 5}, there is an n-dimensional rationally connected
smooth projective variety Xn with MPA. In particular, we have κ(Xn) = −∞.
Proof. Let Eω be an elliptic curve whose period is the primitive third root of unity ω =
(−1 +√−3)/2 in the upper-half plane. Consider the quotient variety
Xn := E
n
ω/〈−ωIn〉
and its blow-up Xn of Xn along the maximal ideals of all singular points of Xn. Then Xn
is a smooth projective variety and the action of U(n,Z) on Enω descends to a (not only
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birational but also) biholomorphic action on Xn. Moreover, if n ∈ {2, 3, 4, 5}, then Xn
is a rationally connected manifold, see e.g. [28, Proof of Cor. 4.6] for a proof of this fact
using complex dynamics. Note then that X2 is rational, as a smooth projective rationally
connected surface is rational by Castelnouvo’s criterion for rationality of surfaces. See also
[29] for the rationality of X3. As the action of U(n,Z) on E
n
ω is MPA, so is the action of
U(n,Z) on Xn, according to Lemma 2.10. 
5. Proof of Theorem 1.4
In this section, we prove Theorem 5.8 below which includes Theorem 1.4 as a special
case. In our approach, it is crucial to treat singular projective varieties. We begin with
the following lemma.
Lemma 5.1. Let X be a normal projective variety and let σ : X̂ → X be an Aut(X)-
equivariant resolution (see [31, Th. 1.0.3], Lemma 2.9 and the remark preceding it). Then
(1) We have the natural identification Aut0(X̂) = Aut0(X).
(2) If G is a subgroup of Aut(X) and Ĝ denotes its natural action on X̂, then we have
the natural identification G/G0 = Ĝ/Ĝ0.
Proof. Since X is normal and σ is birational, we have σ∗OX̂ = OX . Then (1) follows from
[4, Prop. 2.1]. (2) is then a consequence of (1). 
Definition 5.2. Let X be a projective variety of dimension n and let g ∈ Aut(X). Define
the first dynamical degree d1(g) of g as the spectral radius of g
∗|NSR(X). Here and hereafter,
NS(X) denotes the Ne´ron-Severi group of X and NSR(X) := NS(X)⊗Z R.
If X̂ → X is a g-equivariant generically finite morphism with X̂ smooth and projective,
then d1(g) = d1(g|X̂) by applying [25, Lem.A.7, Prop.A.2] with x the pullback of an ample
divisor on X and y the pullback of the (n− 1)-th power of an ample divisor on X .
For smooth X , our definition of d1(g) is just the usual one, as in [11], for (smooth)
compact Ka¨hler manifolds, and is independent of the choice of the birational model X
where g acts biregularly by [12, Cor. 7].
An element g ∈ Aut(X) is of zero entropy if d1(g) = 1. A group G ≤ Aut(X) is of zero
entropy if every g ∈ G has d1(g) = 1.
Proposition 5.3. Let X be a normal projective variety of dimension n ≥ 1 and let G ≤
Aut(X) be a group of zero entropy. Then there is a finite-index subgroup G′ of G such that
the natural map τ : G′/G′0 → G′|NSR(X) is an isomorphism and the image is a unipotent
subgroup of GL(NSR(X)) of derived length less than or equal to n− 1.
Proof. We use the notation σ : X̂ → X , Ĝ = G|X̂ , etc, as in Lemma 5.1. We may
identify NSR(X) with the subspace σ
∗(NSR(X)) ⊆ NSR(X̂). By Theorem 1.2, applied to
X̂ , there is a finite-index subgroup G′ of G, such that, for Ĝ′ := G′|
X̂
, the natural map
Ĝ′/Ĝ′0 → Ĝ′|H2(X̂,R) is injective with image a unipotent subgroup of GL(H2(X̂,R)) of
derived length at most equal to n− 1.
Hence, Ĝ′|NSR(X̂) is also a unipotent subgroup of GL(NSR(X̂)). Now, the kernel of the
natural map τ̂ : G′/G′0 = Ĝ
′/Ĝ′0 → Ĝ′|NSR(X̂) is a finite group by Fujiki [15, Th. 4.8] and
Lieberman [24, Prop. 2.2]. Hence, Ker(τ̂) = {1}, i.e., τ̂ is an isomorphism, because a
unipotent group has no non-trivial finite subgroup.
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We still need to prove that τ is injective. Let g ∈ G′ which acts on NSR(X) trivially.
Let h be an ample divisor class on X . Set ĥ := σ∗h. Since σ is a birational morphism,
ĥ is a nef and big class on X̂ . Since g|NSR(X) is trivial by our assumption, it follows that
(g|X̂)∗(ĥ) = ĥ. Thus, by a generalized version of Fujiki-Lieberman’s theorem in [8, Th. 2.1],
a power of g|X̂ belongs to Ĝ′0, that is, in Ĝ′/Ĝ′0 = G′/G′0, the class [g|X̂] = [g] has to be a
torsion element. On the other hand, G′/G′0 is torsion free as it is a unipotent group. Thus
g ∈ G′0. Hence, τ is injective. 
Definition 5.4. For (X,G) as in Proposition 5.3, define the essential derived length of the
action of G on X by
ℓess(G,X) := ℓmin(G|NSR(X)) .
Then, by Proposition 5.3, with its notation and proof, and by Theorem 1.2, we have
ℓess(G,X) = ℓmin(G/G0) = ℓ(G
′|NSR(X)) = ℓ(Ĝ′|NSR(X̂)) = ℓess(G|X̂ , X̂) ≤ n− 1 .
Also, by Proposition 5.3, for a smooth projective variety X , our new definition of ℓess(G,X)
coincides with the definition given in the introduction.
In general, for (X,G) as in Proposition 5.3, if X ′ is a normal projective variety and
if X 99K X ′ is generically finite, dominant and G-equivariant so that G ≤ Aut(X) and
G ≤ Aut(X ′), then ℓess(G,X) = ℓess(G,X ′). This can be verified by reducing to the
smooth case. Indeed, we can first take G-equivariant resolutions X̂ → X and X̂ ′ → X ′ as
in Lemma 5.1, and then apply Lemma 2.10 for the induced map X̂ 99K X̂ ′.
We say that X is MPA by the group G if ℓess(G,X) = dimX − 1. So, if X 99K X ′ is
a generically finite and dominant G-equivariant map between normal projective varieties,
then X has MPA by G if and only if the same property holds for X ′.
Proposition 5.5. (cf. Corollary 3.2) Let X be a normal projective variety of dimension
n ≥ 1. Let G ≤ Aut(X) be a group of zero entropy. Suppose that Aut0(X) is commutative
(this holds when X is non-ruled; see Lemma 2.11 and the remark after that). Then
(1) We have
ℓmin(G) ≤ ℓmin(G/G0) + 1 = ℓmin(G|NSR(X)) + 1 = ℓess(G,X) + 1 ≤ n .
(2) Suppose that ℓmin(G) = n. Then
G0 6= {1} and ℓess(G,X) = n− 1 .
Proof. The same proof for Corollary 3.2 works, but we use Proposition 5.3 instead of
Proposition 3.1. 
Lemma 5.6. Let π : X1 99K X2 be a dominant map of compact Ka¨hler manifolds or
normal projective varieties, of the same dimension. Assume a group G acts on both X1
and X2 biregularly so that π is G-equivariant. Suppose that (G|Xi)0 := (G|Xi) ∩ Aut0(Xi)
is an infinite group for i = 2. Then so does for i = 1.
Proof. As in Lemma 5.1, replacing the Xi by G-equivariant resolutions (when the Xi are
projective), we may assume that both X1 and X2 are smooth. Thus, we only need to
consider the Ka¨hler case. Take a subgroup H of G such that H|X2 = (G|X2)0.
By Lemma 2.10, for a finite-index subgroup H ′ of H , we have
(∗) (H ′|X1)/(H ′|X1)0 ∼= (H ′|X2)/(H ′|X2)0 = {1}.
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By hypothesis, H|X2 is infinite and hence H ′|X2 is also infinite. It follows that H ′|X1
is infinite. This, together with the isomorphism in (∗), imply that (H ′|X1)0 is infinite.
Therefore, (G|X1)0 is infinite. 
Let X be a projective variety. Let σ : X ′ → X be a projective resolution. We define the
Kodaira dimension of X as κ(X) := κ(X ′) and the albanese map of X as
albX : X
σ−1
99K X ′
albX′−→ Alb(X ′) =: Alb(X) .
Our κ(X) and Alb(X) do not depend on the choice of a resolution of X , see e.g. [30,
Cor. 6.4, Prop. 9.12].
For a surjective morphism π : X → Y of varieties, a subgroup G˜ of Aut(X) (resp.
Bir(X)) is a lifting of a subgroup G of Aut(Y ) (resp. Bir(Y )) if there is a surjective
homomorphism σ : G˜→ G such that
π(g˜(x)) = σ(g˜)(π(x))
for every g˜ in G˜ and every closed point (resp. every general point) x in X .
Let S be a normal projective variety. We call q(S) := h1(S,OS) the irregulairty of S.
The variety S is called weak Calabi-Yau in the sense of [25, §1.2], if S has only canonical
singularities, a canonical divisor KS ∼Q 0 and
qmax(S) := max{q(S ′) |S ′ → S is finite e´tale} = 0 .
Proposition 5.7. (cf. [25, Th.B]) Let W be a normal projective variety with the property
(†) W has only canonical singularities and KW ∼Q 0.
Then there are an abelian variety A, a weak Calabi-Yau variety S and a finite e´tale mor-
phism τ : S×A→ W such that for every G ≤ Bir(W ), there is a lifting G˜ ≤ Bir(S×A) =
Bir(S)× Aut(A) 2 of G. In particular, we have G˜ ≤ GS ×GA, where GS ≤ Bir(S) (resp.
GA ≤ Aut(A)) is the projection of G˜ to Bir(S) (resp. Aut(A)).
Proof. This is proved in [25, Th.B] when G is cyclic. The general case is the same. We go
through the construction of the lifting for the reader’s convenience, but refer the details
to [25]. Let V → W be the Albanese closure as defined after [25, Prop. 4.3] which is e´tale
and unique up to an isomorphism. The properties in [25, Prop. 4.3] and the remark there
guarantee the existence of the lifting to GV ≤ Bir(V ) of G ≤ Bir(W ). Here and hereafter,
an element g ∈ G may have several liftings in Bir(V ); we take them all and put them in
GV .
Since V → W is e´tale, V , like W , also has the property (†). So the albanese morphism
albV : V → Alb(V ) =: A1
is surjective with connected fibres by [20, Main Th.]. Moreover, Kawamata’s splitting
theorem ([21, Th. 8.3]) implies that the albanese morphism albV splits after some base
change of albV by an isogeny A
′
1 → A1, that is, taking a fibre S1 of the albanese morphism
albV , we have an isomorphism
V ×A1 A′1 ≃ S1 ×A′1
2 Recall again that Aut(A) stands for the automorphism group of the complex variety A.
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over A′1. Let A1 → A′1 be an isogeny so that the composition A1 → A′1 → A1 = Alb(V )
equals the multiplication by some integer m ≥ 2. Denote this map by mA1 . By [25,
Lem. 4.9], GV |Alb(V ) lifts to some GA1 ≤ Aut(A1) via mA1 : A1 → A1 = Alb(V ).
By construction, the base changemA1 : A1 → A1 = Alb(V ) of albV produces the splitting
V ×A1 A1 = S1 ×A1 =: V1 ,
with S1 a fibre of albV as above. Now GV lifts to GV1 ≤ Bir(V1) which consists of all
(g1, g2) with g1 ∈ GV , g2 ∈ GA1 so that the descending g1|Alb(V ) of g1 via albV equals
the descending of g2 via mA1 . Since mA1 is e´tale, the projection V1 → V is e´tale too.
Hence, V1, like V , also has the property (†). In particular, q(V1) ≤ dim V1 = dim W by
[20, Main Th.]. Applying the same process to V1 (instead of W ), then to V2 and so on,
we get Vi = Si × Ai with Ai an abelian variety, finite e´tale morphisms Vi → Vi−1, and
liftings GVi of G on V0 := W for all integers i ≥ 1. Here, Vi, like W , has the property
(†). So q(Vi) ≤ dim Vi = dim W . Thus, by induction on dimension, we may assume that
Vt = St×At has maximal irregularity q(Vt), q(St) = 0 and St is a weak Calabi-Yau variety
for some t. By [25, Lem. 4.6], G˜ := GVt has the required (splitting) property. 
Theorem 5.8. Let X be a normal projective variety of dimension n ≥ 1 with MPA by a
group G ≤ Aut(X). Assume the following two conditions.
(i) X has Kodaira dimension κ(X) = 0.
(ii) X has a good minimal model, i.e., X is birational to a normal projective variety
Xm with at most canonical singularities and semi-ample canonical divisor.
Then Case (I) (satisfying (Ia) - (Ic)) or Case (II) (satisfying (IIa) - (IId)) below occurs.
(Ia) Xm is smooth and G acts on Xm biregularly.
(Ib) There is a finite e´tale Galois cover A → Xm from an abelian variety A such that
G|Xm lifts to G˜ ≤ Aut(A) with G˜/Gal(A/Xm) = G.
(Ic) Xm (resp. A) has MPA by the group G (resp. G˜), see Definition 5.4.
(IIa) Aut0(X) = {1}.
(IIb) There is a generically finite surjective morphism X˜ → X with X˜ smooth such that
G lifts to G˜ ≤ Aut(X˜) and Aut0(X˜) = {1}.
(IIc) If X˜ → A = Alb(X˜) is the albanese map with general fibre S˜, then X˜ is birational
to S˜×A and S˜ is birational to a weak Calabi-Yau variety in the sense of [25, §1.2].
(IId) X˜ (resp. S˜ and A in (IIc), if dim S˜ > 0 and dim A > 0) has MPA by the group G˜
(resp. N |S˜ and G˜|A) with N := Ker(G˜→ G˜|A), see also Proposition 5.7.
Remark 5.9.
(1) In Theorem 1.3, assume further that X is projective and the very general fibre Xb
of an Iitaka fibration X 99K B has a good minimal model; for instance, this is the
case when dim Xb ≤ 3 or when dim X ≤ 4 (cf. [23, §3.13]). Then by Theorem 5.8,
Xb is birational to a Q-abelian variety.
(2) In view of Theorems 1.3 and 5.8, the building blocks of projective varieties X with
MPA and κ(X) ≥ 0 are abelian varieties, weak Calabi-Yau varieties and curves,
up to equivariant coverings, under the conjectural assumption (ii) in Theorem 5.8
which holds in dimension up to 3 (cf. [23, §3.13]).
Proof of Theorem 5.8. By the assumption, we have κ(X) = 0 (hence X is not unir-
uled) and X is birational to a good minimal model Xm. Namely, Xm has only canonical
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singularities and KXm ∼Q 0. Note that
G ≤ Aut(X) ≤ Bir(X) = Bir(Xm) .
By Proposition 5.7, there is a finite e´tale cover X˜m → Xm such that X˜m = S×A, where A
is an abelian variety and S is a weak Calabi-Yau variety (especially, S has only canonical
singularities, KS ∼Q 0, and S is not uniruled, with the irregularity q(S) = 0; so S is a
point or dimS ≥ 2), and G (indeed, the whole Aut(X) and Bir(X)) lifts to
G˜ ≤ Bir(X˜m) = Bir(S)× Bir(A) = Bir(S)×Aut(A) .
Let X˜ → X be the normalization of X in the function field C(X˜m). Then, X˜m = S ×A
is a good minimal model of X˜ .
Recall that G˜ ≤ Bir(X˜m) = Bir(X˜) is the lifting of the regular action of G on X . Hence,
G˜ ≤ Aut(X˜) by the uniqueness of the normalization. Since G is of zero entropy so does G˜,
see the remark in Definition 5.2. Since G ≤ Aut(X) has the maximal ℓess(G,X) = dim X−
1 and NSR(X) is naturally embedded in NSR(X˜), it follows that G˜ and 〈G˜,Aut0(X˜)〉 also
have maximal essential derived length dim X − 1 = dim X˜ − 1.
We divide the proof into two cases, Case (I) and Case (II) below.
Case (I). Aut0(X˜) 6= {1}. This holds when Aut0(X) 6= {1}, see Lemma 5.6.
Claim 5.10. In this case, we have that S is a point.
Proof of the claim. Replacing (X,G) by (X˜, G˜) we may assume that X is birational to A×
S. Replacing X by its Aut(X)-equivariant resolution as in Lemma 5.1, we may assume that
X is smooth. Replacing G by 〈G,Aut0(X)〉, we may also assume that G ⊇ Aut0(X) 6= {1}.
Replacing G by a finite-index subgroup, we may further assume G/Aut0(X) → G|NSR(X)
is an isomorphism with image a unipotent group of maximal derived length n − 1, see
Proposition 5.3.
Replacing S by its Q-factorial terminalization, we may also assume that S is Q-factorial
terminal, see [2, Cor. 1.4.3] for the existence of Q-factorial terminalization. Under this
modification, we still have q(S) = 0, hence Aut0(S) = {1} by [25, Lem. 4.4]. Moreover,
by [18, Cor. 3.8], the birational action of the connected algebraic group Aut0(X) on the
terminal minimal model S × A of X , is biregular. Hence (see also [4, Cor. 2.3])
Aut0(X) ≤ Aut0(S × A) = Aut0(A) ∼= A .
Thus, Aut0(X) is a subtorus of A.
By Proposition 5.7, G ≤ GS × GA, where GS ≤ Bir(S) and GA ≤ Aut(A), are the
projections of G to Bir(S) and Aut(A). So, by definition of minimal length, we have
(∗) ℓmin(G) = max{ℓmin(GS), ℓmin(GA)}.
Note that
G/Aut0(X) ≤ GS ×GA/Aut0(X)
and the projections G/Aut0(X)→ GS and G/Aut0(X)→ GA/Aut0(X) are surjective. So
(∗∗) n− 1 = ℓmin(G/Aut0(X)) = max
{
ℓmin(GS), ℓmin(GA/Aut0(X))
}
.
Suppose now the contrary that S is not a point. So dimS ≥ 2 and dimA = n−dim S ≤
n− 2. Note that
ℓmin(GA/Aut0(X)) ≤ ℓmin(GA) ≤ dimA ≤ n− 2 ,
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see Proposition 5.5. Thus, (∗) and (∗∗) imply that ℓmin(GS) = n− 1 and ℓmin(G) = n− 1.
By [15, Lem. 4.2] and since G normalizes Aut0(X), there is a quotient (normal) variety
X1 := X/Aut0(X) such that the action of G on X descends to a biregular action G|X1 on
X1. Let A1 := A/Aut0(X). Then, X1 is birational to S×A1, and we have Aut0(X1) ≤ A1
and G|X1 ≤ GS ×GA1 , so that the projections G|X1 → GS and G|X1 → GA1 are surjective.
As argued above, we have ℓmin(G|X1) = ℓmin(GS) = n − 1. On the other hand, by
Proposition 5.5,
n− 1 = ℓmin(G|X1) ≤ dimX1 = n− dimAut0(X) ≤ n− 1 .
Thus, all the inequalities above are actually equalities. So ℓmin(G|X1) = dimX1 and there-
fore, Aut0(X1) 6= {1} by Proposition 5.5.
Now, let X2 := X1/Aut0(X1). We have as above ℓmin(G|X2) = ℓmin(GS) = n − 1. This
contradicts the inequality
ℓmin(G|X2) ≤ dimX2 ≤ n− 2
given by Proposition 5.5. Hence, S is a point as claimed. 
We continue the proof of Theorem 5.8 in Case (I). Taking the Galois closure, we may
assume that π : X˜m = S×A = A→ Xm (and hence X˜ → X) is Galois, and π is still e´tale.
In particular, Xm is smooth. To complete the proof in Case (I), consider the albanese map
albX˜ : X˜ 99K Alb(X˜) = Alb(X˜m) = Alb(S × A) = A
which is just the initial birational map X˜ 99K X˜m = S × A = A. For the original (X,G),
the lifting G˜ ≤ Aut(X˜) of G, acts biregularly on Alb(X˜) = A. Now, the G˜-equivariant
birational map albX˜ descends to a G = G˜/Gal(X˜/X)-equivariant birational map
X = X˜/Gal(X˜/X) 99K A/Gal(X˜/X) = X˜m/Gal(X˜/X) = Xm .
Here, note that our original G acts biregularly on both X and Xm. Since X has MPA by
the group G, so does Xm (resp. A and X˜) by the group G (resp. G˜), see Definition 5.4
and the remark there. This completes the proof of Theorem 5.8 in Case (I).
Case (II). Aut0(X˜) = {1}. Hence Aut0(X) = {1}, see Lemma 5.6.
Replacing X˜ by an Aut(X˜)-equivariant resolution, we may assume that X˜ is smooth
and we still have Aut0(X˜) = {1} (cf. Lemma 5.1). We use the same approach as in Case
(I). Since Aut0(X˜) = {1}, we may assume that the lifting of G to G˜ on X˜ has a finite-index
subgroup G˜′ with G˜′ ∼= G˜′|NSR(X˜) being unipotent of derived length n− 1.
Consider the albanese map:
albX˜ : X˜ → Alb(X˜) = Alb(S × A) = A .
Note that X˜ is smooth and κ(X˜) = 0. So albX˜ is a surjective morphism with connected
fibres by [20, Main Th.]. Let S˜ be a general fibre of albX˜ . Then S˜ is birational to S. We
may assume
0 < dim A < n (= dim X˜) ,
hence dim S > 0, as otherwise the conclusion in the theorem is trivial.
Let N := Ker(G˜ → G˜|A). It has a finite-index subgroup N ′ := N ∩ G˜′, which is also
unipotent like G˜′. Since X˜ is birational to S˜ × A and Bir(X˜) = Bir(S˜)× Aut(A) as seen
early on, N acts on the fibre S˜ faithfully. So the restriction N → N |
S˜
is an isomorphism.
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Recall that S˜ is smooth and birational to S. Since S has only canonical singularities
and KS ∼Q 0, it follows that
q(S˜) = q(S) = 0 and κ(S˜) = κ(S) = 0 .
Thus, S˜ is a smooth projective non-uniruled variety (by κ(S˜) = 0) with q(S˜) = 0. There-
fore, we have Aut0(S˜) = {1} by [25, Lem. 4.4].
Since G˜/N ∼= G˜|A, Aut0(X˜) = {1} and Aut0(S˜) = {1}, by Proposition 5.5 (1) applied
to A and S˜ with dim S˜ > 0, we have
n− 1 = ℓmin(G˜) ≤ ℓmin(G˜|A) + ℓmin(N |S˜) ≤ dimA + (dim S˜ − 1) = n− 1 .
Thus, ℓmin(N) = ℓmin(N |S˜) = ℓess(N |S˜, S˜) = dim S˜ − 1 and ℓmin(G˜|A) = dimA > 0. So
ℓess(G˜|A, A) = dimA−1 by Proposition 5.5. This completes the proof of the whole Theorem
5.8 (see also the remark in Definition 5.4). 
References
[1] E. Bierstone and P. D. Milman, Canonical desingularization in characteristic zero by blowing up the
maximum strata of a local invariant, Invent. math. 128 (1997), 207–302.
[2] C. Birkar, P. Cascini, C. D. Hacon and J. McKernan, Existence of minimal models for varieties of log
general type, J. Amer. Math. Soc. 23 (2) (2010), 405–468.
[3] A. Blanchard, Sur les varie´te´s analytiques complexes, Ann. Sci. Ecole Norm. Sup. (3) 73 (1956),
157–202.
[4] M. Brion, On automorphism groups of fiber bundles, Publ. Mat. Urug. 12 (2011), 39–66.
[5] F. Campana, F. Wang and D.-Q. Zhang, Automorphism groups of positive entropy on projective
threefolds, Trans. Amer. Math. Soc. 366 (2014), no. 3, 1621–1638.
[6] J.-P. Demailly and M. Paun, Numerical characterization of the Ka¨hler cone of a compact Ka¨hler
manifold, Ann. of Math. (2) 159 (2004), no. 3, 1247–1274.
[7] T.-C. Dinh, Tits alternative for automorphism groups of compact Ka¨hler manifolds, Acta Math.
Vietnamatica, Volume 37 (special volume VIASM), Number 4 (2012), 513–529.
[8] T.-C. Dinh, F. Hu and D.-Q. Zhang, Compact Ka¨hler manifolds admitting large solvable groups of
automorphisms, Adv. Math. 281 (2015), 333–352.
[9] T.-C. Dinh and V.-A. Nguyen, The mixed Hodge-Riemann bilinear relations for compact Ka¨hler
manifolds, Geom. Funct. Anal. 16 (2006), no. 4, 838–849.
[10] T.-C. Dinh, V.-A. Nguyen and T.-T. Truong, On the dynamical degrees of meromorphic maps pre-
serving a fibration, Comm. Contemporary. Math. 14, No. 6 (2012), 18 pp.
[11] T.-C. Dinh and N. Sibony, Groupes commutatifs d’automorphismes d’une varie´te´ ka¨hle´rienne com-
pacte, Duke Math. J. 123 (2004), 311–328.
[12] T.-C. Dinh and N. Sibony, Une borne supe´rieure pour l’entropie topologique d’une application ra-
tionnelle, Ann. of Math. (2) 161 (2005), no. 3, 1637–1644.
[13] I. Dolgachev, Reflection groups in algebraic geometry, Bull. Amer. Math. Soc. (N.S.) 45 (2008), no.
1, 1–60.
[14] H. Esnault and V. Srinivas, Algebraic versus topological entropy for surfaces over finite fields, Osaka
J. Math. 50 (2013), no. 3, 827–846.
[15] A. Fujiki, On automorphism groups of compact Ka¨hler manifolds, Invent. Math. 44 (1978), 225–258.
[16] M. Gromov, Convex sets and Ka¨hler manifolds, Advances in differential geometry and topology, 1–38,
World Sci. Publ., Teaneck, NJ, 1990.
[17] M. Gromov, On the entropy of holomorphic maps, Enseign. Math. 49 (2003), 217–235, Manuscript
(1977).
[18] M. Hanamura, On the birational automorphism groups of algebraic varieties, Compos. Math. 63
(1987), 123–142.
[19] J. E. Humphreys, Linear Algebraic Groups, Graduate Texts in Mathematics, Volume 21, Springer,
1975.
GROUPS ACTING ON COMPACT KA¨HLER MANIFOLDS 29
[20] Y. Kawamata, Characterization of abelian varieties, Compositio Math. 43 (1981), no. 2, 253–276.
[21] Y. Kawamata, Minimal models and the Kodaira dimension of algebraic fiber spaces, J. Reine Angew.
Math. 363 (1985), 1–46.
[22] J. Keum, K. Oguiso and D.-Q. Zhang, Conjecture of Tits type for complex varieties and theorem of
Lie-Kolchin type for a cone, Math. Res. Lett. 16 (2009), no. 1, 133–148.
[23] J. Kolla´r and S. Mori, Birational geometry of algebraic varieties, Cambridge Tracts in Math., 134
Cambridge Univ. Press, 1998.
[24] D. I. Lieberman, Compactness of the Chow scheme: applications to automorphisms and deformations
of Ka¨hler manifolds. Fonctions de plusieurs variables complexes, III (Se´m. Franc¸ois Norguet, 1975-
1977), pp. 140–186, Lecture Notes in Math. 670, Springer, Berlin, 1978.
[25] N. Nakayama and D.-Q. Zhang, Building blocks of e´tale endomorphisms of complex projective mani-
folds, Proc. London Math. Soc. 99 (2009), 725–756.
[26] N. Nakayama and D.-Q. Zhang, Polarized endomorphisms of complex normal varieties, Math. Ann.
346 (2010), 991–1018.
[27] K. Oguiso, Tits alternative in hypeka¨rhler manifolds, Math. Res. Lett. 13 (2006), 307–316.
[28] K. Oguiso, Pisot units, Salem numbers and higher dimensional projective manifolds with primi-
tive automorphisms of positive entropy, to appear in International Mathematics Research Notices
https://doi.org/10.1093/imrn/rnx142 , Published online 20 July 2017.
[29] K. Oguiso and T.-T. Truong, Explicit examples of rational and Calabi-Yau threefolds with primitive
automorphisms of positive entropy, Kodaira Centennial issue of the Journal of Mathematical Sciences,
the University of Tokyo 22 (2015), 361–385.
[30] K. Ueno, Classification theory of algebraic varieties and compact complex spaces, Lecture Notes in
Mathematics 439, Springer, 1975.
[31] J. Wlodarczyk, Simple Hironaka resolution in characteristic zero, J. Amer. Math. Soc. 18 (2005), no.
4, 779–822.
[32] Y. Yomdin, Volume growth and entropy, Isr. J. Math. 57 (1987), 285-300.
[33] D.-Q. Zhang, A theorem of Tits type for compact Ka¨hler manifolds, Invent. Math. 176 (2009), no. 3,
449-459.
[34] D.-Q. Zhang, n-dimensional projective varieties with the action of an abelian group of rank n − 1,
Trans. Amer. Math. Soc. 368 (2016), no. 12, 8849-8872.
Department of Mathematics, National University of Singapore, 10 Lower Kent Ridge
Road, Singapore 119076, Republic of Singapore. http://www.math.nus.edu.sg/∼matdtc
E-mail address : matdtc@nus.edu.sg
Mathematical Sciences, the University of Tokyo, Meguro Komaba 3-8-1, Tokyo, Japan
and Korea Institute for Advanced Study, Hoegiro 87, Seoul, 133-722, South Korea.
E-mail address : oguiso@ms.u-tokyo.ac.jp
Department of Mathematics, National University of Singapore, 10 Lower Kent Ridge
Road, Singapore 119076, Republic of Singapore.
E-mail address : matzdq@nus.edu.sg
